
 

MATH 2050C Lecture 17 Feb 22

Announcement about Midterm

Format Take home openbook 1 notes
Time Mar 3 2022 8 30AM 10 00AM

Coverage Lecture 1 11 up to 3.3 inclusively
i.e ProblemSet 1 6

Last week limit theorems squeeze1hm ratio test

Q Can we decide the limit of xn exists or

not WITHOUT knowing the value of the limit

Recall E K def't lim kn X

iff f E o I k C IN s.tl Xu k l C E V n K

Recall xn convergent xn bdd

False Ct is a divergent
but bold sequence

Question II we are willing to assume more

about the seq Xn does

CCnl bold cans convergent

Answer YES provided the seq is monotone



Monotone Convergence Theorem MCT

kn bdd t monotone xn convergent

DefI kn is monotone if it is

either Ci increasing i e Ki E KaEHz E Xu EXue Vnew

or Cii decreasing i e Xi 3 23 33 Xu 3 Kuei th EN

Remark Whenever the inequalities above are all strict

inequalities we say that the seq is strictly monotone

increasing1decreasing respectively

Remark A convergent seq may NET be
monotone

E g C y in 0 but not monotone

Picture xn increasing bold by M o

MM

Kl Efc2EI.czE E3CN Cn i 7X limCXn
x 2 R
F

Supfxnl nCIN



Proof of Theorem

IDE A Expect lim Gcn sup fan In c IN

Suppose kn is bold increasing Consider

01 t S a f xn l n c IN E IR

Xu bold S is bold as a subset of B
deft
S is bold from above

NIK An increasing Eeg is always bold from
below

By Completeness Property of
IR

X sup S E IR exists

Chaim lim xn X

Pf of Claim We verify the E K definition

Let E so be fixed but arbitrary

Since X is the supremum of 5 the number

X E CANINT be an upper bound of S

i e I k C IN et X E s Xk



Observe that Gcn is increasing by assumption

X E L Xk E X ke E Xk z E i E kn th K

On the other hand since X sups is an upper

bound of S we have

kn E X C Xt E f n C IN

Combining the two inequalities
above we obtain

V n K K E C kn C Xt E

D

Remark Actually we have proved the following

kn increasing bold above

himGcn sup Xml n c IN

kn decreasing bold below

line xn inf kn I n C IN

we also know the

the limit as well



In summary MCT says that

Xu bold L Gcn convergent

provided that kn is monotone Canton CC its

Examplet Harmonic series

et hn a It E t f t Ly t th n C IN

i e h 1 hz It I Zz hz It I

Show that hn is divergent

PII Observe that Chu is strictly increasing

since hint hn t hn t n c IN

By MCT Chu divergent 2 7 hn unbdd

Claim hn is unbold
nnn

PI

zh
Tq

1 Iz t 14 44
I z Lz



Consider n 2M for ME IN

hzm I t z ft f t i t t c Im
4tem zm 1 termsItem 2 terms

I t Iz t 44 t t Ym t c Em

It I iz t f It MZ

mmterms becomes unbdd
as in oo

so hn is unbdd hence divergent
D

Remark MCT works well particularly for

recursively defined sequences

General strategy to do this

Step 1 Apply MCT to show the limit exists

Step2 Take limit in the recursive relation C to

compute the desired limit

Example 2 Define the seq Yu recursively by

Yo 1 Yn 2 Yu t 3 V n E N

Show that lion Yu 312 NIU 91 1 92 412.1 3
93 412.54 3 It



Proof We first show that Yu is bold monotone

Claim yn is bold above by 2

Pf of Claim Use M.TN to show Yu E 2 Hn GCN

he 1 y I s 2 Done

Assume Ye E 2 then 9kt 29kt3 E C 2

Claim yn is increasing ie Yu E Yat th EN

Pfof Claim Use M I again

n 1 Y 1 L Yz Done

Assume Y k E Y ke Then

3kt 29kt 2 E 29kt 12 Ykez

Combining these two claims MCT limen Y exists

Since Yn is convergent we have

Lima Yue tf's cyn Y

Taking limit on both sides of CA

Lim Ynet him 29N13 2 him bn 13

p
limit Thm lincoln exists



we obtain an equation
solve

Y 41 2g c 3 Y 312

D

Example 3 Fix A O Define inductively

S 1 Sue Iz Sn 1 In An C IN

EITry togeneratethe
show that liar Su fat 2 0 first fewterms for

a 2

Puff We follow the same general strategy

Claim 1 Sn bold below by fat for h 2

Pf of Claim Ncte Sn o th C IN Rewrite 7 as

Su 2 Sue Sn t a 0

So the quadratic eq X 2 Suit X t a o_O has

at least one real root namely Xe Su

4Sni 4 a 30

She s Ma f ne IN



Claim 2 Su is eventually decreasing

ie Su Sure Uh 2

Pf of Claim f n z 2 claim1

Su Sue Sn Icsu say Signa zido

By MCT lim Csn S exists

Taken in on both sides of CKX we obtain

an equation
solve

S s ga m
s _ra or

for S rejected
a SnsMazo
S 3Pa o

D


